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Poincaré center problem

@ A center <= all solutions near the origin are periodic.

@ A focus <= all solutions near the origin are spirals.

n n
U=—v+ZaUuivj, v :u+ZBUuivj. (1)
i+j=2 i+j=2
Poincaré return map:

P(p) = p+ (i, By)p” + malay, By)p* + ...
Center: ;3 =m4 =n5 = --- = 0.
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Pp) = p+ m3(ay, By)p® + nalay, Bi)p* + ...
Center: m;3=m4 =15 =---=0.

Poincaré center problem

Find all systems in the family

n n
U=—-v+ Z aju'vl, vV =u+ Z Biju' v/,

which have a center at the origin.

Bautin ideal: B = (n3,m4,...) C Rlay;, Bjl.

Algebraic counterpart

Find the variety V(B) of the Bautin ideal B = (13, 14,75 . . .).

V(B) = {(ay, By) € € | m(ay, By) = ma(oy;, By) = --- =0}

e V(B) is called the center variety.
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Hilbert's 16th problem

X = Pn(X,_)/), y= Qn(XaY)v (A)

Pn(x,y), Qn(x,y), are polynomials of degree n.
Let h(P,, Q,) be the number of limit cycles of system (A) and let

H(n) = sup h(Pp, Qn) .
The question of the second part of the 16th Hilbert's problem:

e find a bound for H(n) as a function of n.

The problem is still unresolved even for n = 2.
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n=2

@ |. Petrovskii, E. Landis, On the number of limit cycles of the
equation dy/dx = P(x,y)/Q(x,y), where P and Q are
polynomials of 2nd degree (Russian), Mat. Sb. N.S. 37(79)
(1955), 209-250

o |. Petrovskii, E. Landis, On the number of limit cycles of the
equation dy/dx = P(x,y)/Q(x,y), where P and Q are
polynomials (Russian), Mat. Sb. N.S. 85 (1957), 149-168

Song Ling Shi, A concrete example of the existence of four limit
cycles for plane quadratic systems, Sci. Sinica 23 (1980), 153-158 J
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@ A simpler problem: is H(n) finite? Unresolved.
@ An even simpler problem: is h(P,, Qn, a*, b*) finite?

@ H. Dulac, Sur les cycles limite, Bull. Soc. Math. France 51
(1923), 45-188

Around 1980 Yu. llyashenko found a mistake in Dulac’s proof. )
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@ Chicone and Shafer (1983) proved that for n = 2 a fixed
system (A) has only finite number of limit cycles in any
bounded region of the phase plane.

@ Bamon (1986) and V. R (1986) proved that h(P, Q2, a*, b*)
is finite.

o Il'yashenko (1991) and Ecalle (1992): h(Pp, Q,, a*, b*) is
finite for any n.

Valery Romanovski Integrability and limit cycles in polynomial systems of ODEs



Cyclicity and Bautin’s theorem

0=—v+ Z v, v =u+ Z Byl v! (2)

jHI=2 jHI=2

Poincare map:
Plp) = p+ma(o, By)p” +ms(ay, By)p> + - - -+ (v, By)p* + . ..

Let B = (13,M4,...) C Rlay;, Bjj] be the ideal generated by all
focus quantities n;. There is k such that

B = <77U1777U2" . "77Uk>'
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The Bautin ideal and Bautin's theorem

Then for any s
k
Tls = 77U10£S) + nu29£5) et 77Uk95< )7

Pp) —p=nu(l+pp+...)p" + -+ nu (1 + pep + ... )p".

Bautin's Theorem

If B = (Nuy, Nuys - - -, Mu,) then the cyclicity of system (2) (i.e. the
maximal number of limit cycles which appear from the origin after
small perturbations) is less or equal to k.

Proof. Bautin N.N. Mat. Sb. (1952) v.30, 181-196 (Russian);
Trans. Amer. Math. Soc. (1954) v.100

Roussarie R. Bifurcations of planar vector fields and Hilbert's 16th
problem (1998), Birkhauser.
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The cyclicity problem

Find an upper bound for the maximal number of limit cycles in a
neighborhood of a center or a focus

By Bautin's theorem:

Algebraic counterpart

Find a basis for the Bautin ideal (13,74, 7s, ...) generated by all
coefficients of the Poincaré map
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Complexification

Complexification: @ u+iv (T=u—1iv)
n—1

= L § p+1~q
) t(a Qg &+

p+q=1

n—1

= Al P+l
& = 2(a E Apyd s

p+a=1

n—1 n—1
x=i(x— Z apgxPly9), v =—i(y - Z bapxTyP*) (3)
p+qg=1 pt+q=1

The change of time d7 = idt transforms (3) to the system

n—1 n—1
x=(x— Z aqupqu)a y=-(y- Z bqpqupﬂ)- (4)
p+q=1 p+q=1
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Poincaré-Lyapunov Theorem

N
1

The system
Vv n .
— =u+ E Biju'v! (5)

du d
— = —v + Q; u v
Z i dt L
i+j=2 i+j=2

has a center at the origin if and only if it admits a first integral of
the form
® =0+ v+ Z Prau’v'.
k+1>2

@ Center <= local analytic integrability

@ A similar approach can be applied to the problem of local
integrability for higher dimensional vector field
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Local integrability of complex systems

For system

n—1 n—1
X=(x= ) apx™ Ty =P y=—(y= Y bpxy**)=Q, (6)
p+q=1 p+q=1

look for a function

oo s
®(x,y; a0, bro, - . .) = xy + Z Z Vs Xy

s=3 j=0
such that 90 90
TpiTo- 2 4., 7
T 8yQ gu(xy)” + ga(xy)” +--, (7)
and gi1, 822, ... are polynomials in apq, bgp. These polynomials are called

focus quantities.

@ The ideal B = (g11, 82, .. .) is called the Bautin ideal.

@ Systems from V(B) are integrable.
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Local Integrability Problem
Find the variety V(B) of the Bautin ideal B = (g11,822,833 - - -)-

@ Compute polynomials gss until the chain of varieties
(considering as complex varieties)
V(B1) 2 V(B2) D V(B3) D ... stabilizes (here
Bx = (g11, - - -, 8kk)), that is, until we find ko such that
V(Biy) = V(Big+1)-

e Show that V(B,,) = V(B), that is, that each systems
from V(By,) admits a first integral of the form (7).
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The center problem is solved for:

e quadratic system: X = x + Pa(x,y), y=—-y+ Qx,y)
by Dulac (1908) (by Kapteyn (1912) for real systems)

e the linear center perturbed by 3rd degree homogeneous
polynomials:

X:X+P3(X7y)7 y=—y+Q3(X,y)

by Sadovski (1974) (by Malkin (1964) for real systems)

e for some particular subfamilies of the cubic system

X =x+ Pax,y) + P3(x,y), y=-y+ Qlx,y)+ Qs(x,y)
e for Lotka-Volterra quartic systems with homogeneous
nonlinearities

X:X+XP3(X7y)7 )'/:—y—i-yQ3(X,y)

by B. Feréec, J. Giné, Y. Liu and V. R. (2013)

e for Lotka-Volterra quintic systems with homogeneous
nonlinearities

).(:X+XP4(X7Y)7 y:_Y+yQ4(X>Y)

by J. Giné and V. R. (2010)
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The center variety of the quadratic system

X = x—ajox’ —ap1xy —a_12y°, ¥ = —(y — bioxy — bory> — bo _1x%). (8)

Theorem (H. Dulac 1908 — C. Christopher & C. Rouseeau, 2001)

The variety of the Bautin ideal of system (8) coincides with the variety of
the ideal B3 = (g11, 822, 33) and consists of four irreducible components:
1) V(Jl), where J1 = <2310 — b10,2b01 — 301>,

2) V(J2), where J2 = <a()17 b10>7

3) V(J3), where J3 = (2ag1 + bo1, a10 + 2b1o, ao1bio — a—12b2,—1),

4) N (Jy) = (A, fa, f3, fa, f5), where

fi = aglbz,—l - 3—12bf0, fo = ajpao1 — borbio, 3 = 2%02—12 - bz,—lbgl,

fa = aw0a_12b3y — a3 bo,—1bo1, f5 = alga_12b1o — a01b2,—1b3;.
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The cyclicity of the quadratic system

Generalized Bautin's theorem (V. R. & D. Shafer, 2009)

If the ideal B of all focus quantities of system

n—1 n—1
X — (x _ Z aquerlyq)7 y = —(y _ Z bqpqu”H)
p+q=1 p+q=1

is generated by the m first focus quantities,
B = (g11,822, - - -, &mm), then at most m limit cycles bifurcate
from the origin of the corresponding real system

n n
U=Au—v+ Zaj/u‘jvl, V=u-+Av+ Z,Bj/u‘ivl,
Jj+i=2 J+1=2

that is the cyclicity of the system is less or equal to m.
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The problem has been solved for:

o The quadratic system ( x = P, y = Qn, n = 2) - Bautin
(1952) (Zoladek (1994), Yakovenko (1995), Frangoise and
Yomdin (1997), Han, Zhang & Zhang (2007)).

@ The system with homogeneous cubic nonlinearities - Sibirsky
(1965) (Zotadek (1994))

Bautin's theorem for the quadratic system

The cyclicity of the origin of system
i = Au—v+asgu?+aiiuvtagv?, v = utAv+Bu?+LBi1uv+LSBo2

equals three.
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Proof. (V. R., 2007) We have for all k
8giklv(s;) =0 9)

where B3 = (g11, 822, 833)-
Hence, if B3 is a radical ideal then (9) and Hilbert Nullstellensatz

yield that gix € B3s. Thus, to prove that an upper bound for the
cyclicity is equal to three it is sufficient to show that Bj is a radical
ideal.

With help of SINGULAR we check that

std(radical(B3)) = std(Bs3). (10)

Hence, B3 = . This completes the proof.
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n n
b=-v+ Zoz,-ju’vf, v =u+ Zﬁiju’vf.
i+j=2 i+j=2
Poincaré return map:

P(p) = p+ (e, By)p> + nalay, By)p* + - .
Center: 3 =mg =15 = --- = 0.
B = (n3,m4,75,-..), V(B) = Vi U... Vp,.
e Roughly speaking the number of small limit cycles in bifurcating
in a neighborhood of V/ is equal to the codimension of V| in the
space of parameters.
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Computation of necessary conditions of integrability

%= x= > apexy T =x(1— Y apxPy?) = x(1 - P(x,)) = P(x.y),
(p,q)€ES (p,q)€ES
y= -y+ Z bapxyP ™ = y(— Z bapxyP) = y(—1 — Q(x,y)) = Q(x,y),
(p,q)€ES (p,q)€ES
(11)
SCN_; xNg, N.y ={0U—-1}UN, No = NU{0}. F — the space of formal power
series

Y=gyt Y Gkxiy’

ki +ko>2
D:F>F D=2pxy)+ X oy) = DO 4 DO
Ox Jdy
d d d d
DO =x— —y—  D® .= xP— —yQ—
X3X yay X Ox yoay

F = in DD @ ker DD,

Problem. Find W € F such that D(¥) = G € ker D(1).

In such case is said that a W € F is in a normal form with respect to (11).
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Problem. Find W € F such that
D(V) = G & ker DU,
e F; (j > 2) — the space of homogeneous polynomials of degree j.
kitko=j

The restriction of D to Fj:
Dj:Fy— F;
D}l) is semisimple: eigenvalues By, «, = ki — ko, eigenvectors xklykz.

Fj=in D @ ker DV

Let P; be the projection on ker Dfl).

Computation of a formal series in the normal form

o V:=xy, G :=0.

@ Assume that equation W is in the normal form to order j — 1. Let
g = Pi(D(V)), h; = (I = P;)(D(V)).
Solve
Djd)j = hj+gj. (12)

PVU=Vi+d, G=G+g.
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A grading of the formal series module

X = X = Z apgx” 1y = x(1 - Z apex"y?) = P(x,y),

(p,q)E€S (p,q)€S
y= -y+ Z bqpxq)’p+1 =-y(l1- Z bepxyP) = Q(x, y),
(p,q)€ES (p,q)€S

¢ — the number of parameters of each equation.

S ={ap.q1, .02 - - » ps,q05 Dagopes - - - s Dazpas baypy } — the ordered set.
k[a7 b] = k[aplaqw p2,q25 + -+ 5 gyqes bqe»Pw ] bqZ,P2> bClepl]'

Any monomial appearing in k[a, b] has the form

b’/£+1 . bVZZ—l buzg

Vl V2 ... al—/Z ..
9p1,919p2. 02 pe.qe Pde,Pe 92,2 Oqy,py -

For v € N3¢ we write

def v Vop_
vdet vy vy 041 pP2e—1 v
(ab)" = apl 13,0, " " 3y ,q0 Das e bas.ps batiny
20 2
L:Ny = Z

= (™ v pe 1% qe 17 o V2o = Ll(y)
L(v) = <q1> 1+ (q) ¢+ <pe) st (pl) (LQ(V))
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_(m (PN, (N, (), — (L)
L(v) = <q1>l/1 + + <qe> 0+ <p£> 041+ + (Pl) 20 <L2(V)).

Denote Q = {(k],, kz) eN_; xN_1; ki + ko > 0}

Definition

For (i,j) € Q, a (Laurent) polynomial f € k[a,b], f =>_
an (i, j)—polynomial if for every v € Supp(f) L(v) = (i, ).

| f)(ab)”, is

v € Supp(f

Let R(; ;) will be the subset of k[a, b] consisting of all (i, j)-polynomials,
R =®jeaRi)-
R(J-’;()R(s’t) (- R(j+s,k+t) =R isa graded ring.
Let M be the set of all formal power series of the form

W(xy) = vooxy + Y vierjoiXy = xy (Vo,o + Vi—l,j—lxilyj1> ;
i+j>2 i+j>2

such that the vi_1j_1 is a (i — 1,j — 1)-polynomial.

Denoting M(; jy = R(,-J)x"“yj“ we have

M .= Ga(i,j)EQM(i,j)'




Theorem

For system
X=X— Z anXpqua y=-y+ Z bqpquPH:
(p,q)€S (p,q)€S

there exists

\U(X,y) = Vo,0Xy —+ Z V,'_17j_1Xiyj =Xy (Vo’() —+ Z V,'_1’j_1Xi_1yj_1> M

i+j>2 i+j>2
such that
(a) D(W) € ker DY), more precisely,

D(V) = ngk(x)/)kJr1 (Y k> 1 g € Rk);
k=1

(b) for every pair (i,j) € Noy x N_1, i+ >0, vj € Ry;

(c) forevery k> 1, vix = 0.

Integrability problem: Compute the variety of B = (gi1, g2, . . .).
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Computation of gux
— (P, ... pey, e, q1 Yoy = L(v)
L(v) = (Ch) 1+ + (q() 0+ (pz) 041 + + (Pl) 2 <L2(l/)>.

R is our graded ring of formal power series of 2¢ variables

Ap1,q15 pasany - - - 3 Apgaes Pagopes -+ s Pa,pas bar,py With the coefficients in Q.
I/GN(Z)Z, vi=vi+ -+ v
For ¥ € M: o
W(x,y) = vooxy + Y vicro1x'y,
i+j>2
define the map
™ M—R

m(W(x,y)) = ¥(1,1).
V(a,b) =V(L1) =vo+ Y _ virj1= Y V(v)(ab)"

i+j>2 |v|>0
7 is an isomorphism with the inverse

7_(_71(\/) _ Z V(V)(ab)uXLl(V)+1yL2(V)+1

lv|=0
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Theorem

There exists W € M, such that
D(W) = g(x,y) € ker DV where

g(xy) =Y gulxy) ™ (V k > 1 g € Ru),
k=1

V(a, b) = (V) and G(a, b) = m(g(x,y) = >, G(v)(ab)” are computed by
‘

(Li(v) — L2(v))V(v) :Z V(vi,...,vj— 1, o v)(Li(va, - oo — 1,0 vae) [+ 1)

=1

—Z 1/1,..., —1,...,1/24)(L2(1/1,...,I/j—1,,..,1/22 —I—l)
Jj=4+1

4
GW) =D Vi, v =1, wa)(La(v, v — 1, va) 1)

= Z V(I/l,...,l/j—1,...,V2g)(L2(I/1,...,Z/j—1,...,1123 —|—1)
j=t41

The equation for V is a difference equation.
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Fug,. .. un)—ZF(,,h LUyt :ZF(V)U( )
ZV;F(V;,-)U(V) — u,-(u,-F)f,,,, ZI/;F(V;J-)U( = ujujF, ( #7), (14)
ZV,‘F(V) V) = u;F, ZV/ VJ)u =uf

where
F(V'j) = F(Vh--<7Vj—17Vj—1,Vj+17--<7Vn)'

Denote |a| = Z(IJ es 9ij |b| Z(_j,i)es bU

oV oV . .
AV = 3T S ali—j—ilal+jlbl) + 3 oiobyli— )~ ilal +jlbl)
(ijjes 0 G,yes "y
— V(la| — [b]).
(15)
A:R— R

=1imA @ ker A, ker A = ®R(; j)-

Valery Romanovski Integrability and limit cycles in polynomial systems of ODEs



A(V(a, b)) = ngk (a, b).

Problem: Find the variety of the Bautin ideal B = (g11, 822, - . .)-
Let B, = <g11,g22, S 7gmm>-
@ Compute until find a Bs:
VBiC VB C - C/Bs1=+Bs
e Compute decomposition v/Bs = Ni_; P,, where P, are prime.
Question. Can the grading of R help to compute the
decomposition in a more efficient way?

@ Let P, = (fi(a,b),..., fu(a,b)).
Does the system

has a nontrivial solution V =1+ ...7
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Quadratic system

X = (X — a10x% — ao1xy — 3—12)’2)
(16)

y=- (y — by _1x* — boxy — b01y2> )

Bs = (g11, 82, 833) = Ni—1J; :

o V1 = V(Jl), where J1 = (2310 — blo, 2b01 — 301>;
o V2 = V(J2), where J2 = (301, b10>;
e V3 =V(J), where
J3 = (2a01 + bo1, a0 + 2bio, ao1bio — a—12b2.-1);
o Vi =V(JUs), where Jy = (fi, fa, 3, fa, f5) , where
fi = a31bo,—1 — a—12b3, f2 = a10a01 — bo1b1o,
f3 = ajga_12 — bp,_1b3;, fa = at0a_12b3y — ag b, —1box,
fs = a%pa_12b10 — ao1b2,—1b%;.
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Hamiltonian system: J= <2310 — by, 2bg1 — 301> =
ao1 = 2bo1, bio = 2aio

oVv oVv
AV) = a0a(161-1) 22+ a1 l) o+ sa(la 2151 -3) o+
Oagy Oda_12
14 ov
boa(61-1) g+ o1 [a) e b2 (- 2\a|—|b\+3)%f—V(\a|—|b|).
la| = ai0 + a01 + a-12, |b| = bo1 + bio + by, 1.
°
ov
A(V) —310(1—\3|)7 +a- 12(|=5'|+2|b|—3)8 +
awo a_1
oV oV
bo(6] = 1) g+ ba-a(2lal - 16+ 3) 5 = V(al - ).

@ V=1—a_15/3—bp_1/3 — a10 — bo is a solution to

A(V) = V(lal = |b]) = 0.

a_12 3 by_1 3 2 2
— ———x> — aipx“y — boixy?)

H=-0y- ="y 3
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V(J3), where J3 = (2ap1 + bo1, a10 + 2b1o, ao1b10 — a—12b2,—1),

A(V) == ani(|b] = 1) 2% + ayo(1 — |a]) 225+ a_12(|a| + 2| b| — 3) 724
+bor(|b] = 1) 555 + bio(1 — \3|)§b\; + b2,—1(*2|3\ — |b] +3) 524
—V(lal + [b])

2a01 + bor = a0 + 2b1o = ap1b1o — a—12b, 1 =0

AV = ann(16] — 1) 3+ buo(1 — [a 5+
_1(—|b|—2|a|+3)8f—‘f—V<|a|+|b\) (7)

)
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Darboux integral

x=P(x,y), y=Q(x,y), x,y€C P,Q are polynomials. (18)
f(x,y) € C|x, y] defines algebraic invariant curve f(x,y) = 0 of system (18) if
Jk(x,y) € C[x, y] such that

D(f) := ?P—F—Q_kf (19)

k(x,y) is called a cofactor of f. Suppose that the curves defined by
fi=0,...,=0

are invariant algebraic curves of system (18) with the cofactors ki, ..., ks. If

> ok =0, (20)
j=1

then H = £ ... £ is a (Darboux) first integral of the system (18).

o f= Z?ﬂ':o ax'yl, k= Z,+J 0 djx'y’. (mis the degree of the system).
@ Equal the coefficients of the same terms in D(f) = kf.

@ Solve the obtained system of polynomial equations for cj, dj;.
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2
an by
b)
by, 1

l1=1+2bjox —ap1 bo,_1 x>+ 2ap1y +2a01 bioxy —

EQ = (2 b10 b§7_1—|—6 b%o b%,—l x+3 b103 bg,—l X2—3 do1 b10 b:23,—1 X2—301 b%O bi_

6 a01 bro b5 _1 y—3 bjg ba,—1 x y+6 ag1 by b3 _y x y—3 ag; b3 _y x y+3 ao1 biy b3 _

3afy bio b3 _1x* y—3 ao1 biy bz, —1 y*+3 agy bio b3 _1 y*—3 a1 bfy ba,—1 x y*+3 &
ao1 bio > — aby b3y b2, —1y?)/(2b1o b3, 1)

with the cofactors k; =2 (b10X — ao1 y) and k, = 3(b10X — ao1 y) .
The equation
arky +asko =0

has a solution a1 = —3,ap =2, —

V==
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ao1 b3
ly=1+2box —ao bo 1 x* + 2301)/—&—2,301me)/_%}/27

0y = (2b1o b3 _1+6 bjy b3 _y x+3 bio® b3 _y x*—3 ag1 b1o b3 _; x*—ao1 b3y b3 _
6 ao1 bro b5 1 y—3bjg ba,—1 x y+6 ag1 big b3 _y x y—3 ag; b3 _y x y+3 a01 biy b3 _
3a3; bio bif:lx2 y—3ao1 biy ba, 1 y*+3 a3, bio b%,—l y?—3ap; by bo, 1 x y*+3 2
ao1 bioy® — a1 bio ba,—1y%)/(2 bro b5 _1)
with the cofactors k; =2 (biox — a1 y) and ky =3 (biox — a1 y) -

First integral
V= =
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a2y
Obo

by 1 (—|b] —2[a| +3) 57—

o ov
A(V) = aou(|b] _1)@-#[710( +

aVv
Oby _
( Ais A without —V/(|a| + |b]))
Ly =1+ 2ag1 + 2b1o + 2a01b10 — (a01b%)/b2,—1 — a01b2,—1
L2 = (301b§0 — 3201b%0b2},1 — aSlbebzﬁ,l — 3bf0b27,1 — 3301bf0b2771 +
2b10b%’,1 + 6301b10b%’,1 + 33(2)1b10b%’,1 + 6b%0b%’,1 + 6301b%0b%’,1 +
333117%0135,—1 + 3b%0b§,—1 + 3301b:?0b§,—1 - 3351173,—1 - 3a011710173,—1 -
3ag1b10b3 1 — anbiob3 1 + ag1b5 _1)/(2b1ob5 1))

A(Ly) = Kili,  A(Ly) = KaLa,
K = —2(301 bio), Ki = —3(ao1 — bio),
U= L33 is a solution to A(U) =0
B U-1
—6ao1bio — (3b3y)/b2,—1 — (335, b2,-1)/ bro)
is a solution to

~

A(V) = V(la| +b]).
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3 3
Jo = (a1 b2,—1 — a_12b3y, ar0a01 — bo1b1o, 3pa—12 —
2 2 2 2
by, _1b3;, a10a_12b%y — a3, ba,_1bo1, a3ga_12b10 — ao1ba,—1b3;).

A(V) —301(|b|*1)aam + 310(1*|al)aa10 +a_12(|al + 2[b] — 3) 52"

3712
+b01(|b| — 1) + blo(l \a|)8b0 + bz’,l(—2|a‘ |b| + 3)6/32
—V(lal + |b])
|a| = a10 + a01 + a-12, |b| = bo1 + bio + bo,—1.

3 3 _ 3 3 _

ag b2,—1 — a—12b3y = ai0a01 — bo1bio = ajga—12 — bo,—1bg; =
2 > 0 2

ajpa—12b7g — ag1 bo,—1bo1 = ajga—12b10 — ap1 b2, —1b5; = 0.
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